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The equilibrium position of an autonomous system of ordinary differential eq-
uations is investigated in the critical case of ' pairs of pure imaginary roots

in the simultaneous presence of several resonance relationships. Sufficient con-
ditions of stability and instability of the equilibrium position in the first non-
linear order are derived for a special class of systems, Results are extended to
Hamiltonian systems. Oscillations of a satellite about the position of relative
equilibrium on a circular orbit is considered as an example.

1. Letus consider the autonomous system of ordinary differential equations

2, = Az, + X, (z,), ) = da,/ dt (LD
Ty = (z*, . . xzn*)’ X* = (Xy* ... in*)7 X* (O) =0

where 2, and X, are 2pn -dimensional vectors of the Euclidean space E,,, 4 is a
constant square matrix with only pure imaginary eigenvalues + iw, (0; >0, s =
1, ..., n) among which there are no multiple eigenvalues, and X,* (z,) are holo-
morphic functions whose expansions in powers of z, begin with 7 -th order forms.

Let system (1, 1) have b > 1 resonance relationships of the form

<Q,Pv>=O’ V=1,...,p, (1.2)

Q = (0)1, s ovy ‘Dq), P‘V = (P\m LIRS | qu)

q q 1]
| Py| = zllpvjjmk, _zl}vglxvpv51>k, k=m+1>3
Jj= j=1 v=

where Py is a vector of dimension ¢ (¢ < n) with integral relatively prime comp-
onents, %y (v =1, ..., p) are arbitrary integral constants at least two of which
are nonzero, and & is an odd number,

The case of simultaneous presence of several resonance relationships was previously
considered in [1 —35].

It was shown in [6] that using the nondegenerate complex linear transformation it
is possible to reduce system (1. 1) to the form

., et . . ot (1.3
=ioz+ 3 Xy, y=—ioy+ X Yy
l=m>2 l==m_>9
T == (xl’ LIS ] xn)7 y= (yl: ey y'n): @ = {mh ey mn}
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where r and y are complex conjugate vectors, ® is a diagonal matrix, and X and
YO are complex conjugate vector functions whose components Xgl) and Yﬁ” (s =
1, ..., n) are l-th order forms of z and y.

Subjecting system (1, 3) to a number of successive transformations described in [7]

and taking into account (1, 2), we obtain [5] in polar coordinates s, @; (S = 1, ...,
n) the following normal form of system (1. 3) accurate to the first nonlinear terms:
"
ri =2 2} RyQu;(8,) + O (|| 7|+ /2) (1.4
v=1

q

H
o - Z Z “::j Ry 8)+ O (|| r ||e-v /2

i=1 /=1
T = O (|| r|[+D8), @5 = O (|| r[|*-1/2)
i=4..,¢ v=1,...,pu a=9+1,...,n

i

q q
oyl
R =", o= Zipvglcpj, r={(T1y ..o Iy)

=1 j=1

Quvs (8y) = ay; cos O, + by;sin 6,, Qy; = dQy; | dBy

(Qv}" (81;) == 0, if p\%j == O)
Let us consider the class of model systems (obtainable from (1.4) by rejecting the
omitted terms) for which
av; =0, by; =0, if p,;=+0,v=1,..,mji=1...,9¢

so that
(1.5

B b b bl
ri=2Y byRysing, 6 = Y| Y — 2 Ricost;
v=1 =1 =t 4

=14 ..,q v=1...,p
(only the resonance subsystem appears above),

We shall investigate the equilibrium position of the model system (1. 5) with the

resonance relationships (1, 2) satisfied.
Theorem 1. 1. Forthe model system (1, 5) to have an increasing solution

of the type of the invariant beam
ri=kb(), k>0 j=1 ..., ¢
Oy =n, 2,E=1,...,1 Op=—5/2, n=po+1, ..., 0
O<p<sw

it is necessary and sufficient that

(1.8

H..—H,. Wo u
k":—é—ﬁ:——?{kh HD>H23, Hljcgglh&” H'Bj:n E.+ hﬂj‘ (1.7)
= ==\l g1
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bvj = h‘vj/Rvo; Rvoz Rv (kl, .y kq) (1,8
j=1""’q; Vzlv'--sp'

where hv;j are some constants,
Proof, Substituting a solution of the form (1. 6) into system (1. 5) we obtain

Ha . s
kb =232 3= ; bRy — 3 bRy j=1,...,9
=1 N=pet1

Evidently solution (1. 6) of system (1. 5) exists, if such %; > 0 can be found that
ki =(2;/20k, 2,70, j=1,... ¢ (1.9)
Using (1. 8) we express relationships (1. 9) in the form (1. 7).
The converse statement is proved similarly,
Theorem 1.2, Forthe model system (1. 5) to have an unstable partiticular
solution of the type of increasing beam
ra = kb (), k>0, u=1,...,§
T.0=0, L’=§+1, e g (0<§<Q)
31&::3'5/2, §=19- » ey g3 eﬂ:'—'ﬂ/z? n = p0+17 s
Op=xn/2,0=0+1 ..., pO<<R<E<p; B>0)
it is necessary and sufficient that by, (v = 1, .. ., By u =1, . . ., ) satisfy con-
ditions (1. 7) and (1.8), and that in addition
Pvw=0 ~v=1,..,06 v=g+141...,¢9

q —
2 P>t t=p+t...p
v=q+41
Proof of this is omitted owing to its simplicity,
These results may be transferred, with some obvious alterations, to the class of
model systems (1, 4} for which

avi#’*‘O, bvj=01 if pvjq=’=0,v=1,...,p;j=1....,q

2. Let us consider in more detail the problem of stability of the equilibrium posit-
ion of the Hamiltonian system
. OH(z, 9 . oH (z, v}
Ty = ays y Y, =— azs—'y S=1v-"’n (2.1

when it cannot be solved in linear approximation and the resonance relationships (1, 2)
are valid.
Let us assume that the Hamiltonian of system (2. 1) is of the form

H(z,y) =H,(z, ) + Hy (z, y) + Hya (2, ) + ... (2P

n
1 3
Hy@ 1) = 5 Y, (— 1)@ + 02y
$===1
where 8, is either unity or two(see, e.g., [8]) and H, (z, y) is 2 homogeneous
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polynomial of power 1.
We introduce the notation

;‘s:: (_‘1)63(031 § = 11 ey I
p\'j* :(ﬂi)asp’\?}'! A i) < ey u‘s] == 1, e g

Using the canonical polynomial transformation with aliowance for (1, 2) we can reduce
the Hamiltonian (2. 2) to the normal form up to the k -th order. Rejecting terms of
order higher than the & -th, we represent the Hamiltonian of the model system in
canonical polar variables as follows:

e B q oy, q
F = 2 ;Vsrs + 2 Z Av ( [I r:p’vl ') ! CO8 (2 p:fj(p;) (2: 3)
s=1 v=1 Py Je=3

The system of equations that corresponds to (2. 3} is of the form

o

ry’ = — zvél Avpvj*R’vSin 8% Jj=1,..., q (2.9
B q * &

o = —EZ’A&MRNGS%*; v=1,...,p
[ jml /

¢
ev* == jgl p:j(pj

Below we assume that Ay =20 (v =1, ..., p).
Theorem 2.1, Forthe Hamiltonian system (2. 4) to have an increasing sol-

ution of the type of invariant beam

ry=kib (), k; >0, j=1,...,9
0* = (n/2)sign Ay, E=1, ..., 1o
6“*:w(ﬂf2)8ignén, ﬂxpn—iw’i,.“,p, <G<ua<\\’f$}

it is necessary and sufficient that

CPyj, Gy — <Py", G (2.9)

(Pn*, GQ - <P21*s Gz>

(Py*, Gy — (Py;*, G >0, j= 1, ... ¢
‘AV‘:gvavo, v=14,..., B

Pyi* = (pu*, - - - Piai)s Pyi* = (pfuni + - Pu®)
Gy = (81y + « o Bus G2 = (Buowrrs - - o gu)r & >0

whete Pg¢j*, G (e = 1,2) are vectors of dimension p, when & = 1 andf — Ho
when & = 2, and g, are some constants,

The proof is similar to that of Theorem 1,1,

Theorem 2.2 Forthe Hamiltonian system (2, 4) to have an unstable parti-
cular solution of the type of increasing beam
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w =k (), ku>0, u="1,... 7
=0, v=g+1,...,00<i<9

O =(n/2)sign 4y, E=1, ..., po

O* = —(n/2)sign g, n=po+14, ..., B
O = n/2 L=Rtl, .o (O<po<BE<p >0
it is necessary and sufficient that Pvw™ and A, v=1,..,mu=1,...,79)

satisfy conditions (2. 5) and (2, 6), respectively, and that in addition

pw*=0, v=1,... . pv=7q-+1,

v==g+1
We use the notation

P*=|ipy*ll, v=4, .., j=1,...4¢
Cp=col {c1, ..., €4 0,...,0}
where qu is an arbitrary column vector of dimension ¢, g, <9q.
Theorem 2.3, Forthe Hamiltonian system (2, 4) to have an integral of
the form
Z Cyly + 2 ra = const (2.7

a=q-t

it is necessary and sufficient that the equality
P*Cp =0 (2.8)
is satisfied.
Proof., Equating to zero the derivative of (2. 7) we obtain on the strength of

the model system (2.4) a system of equations which must be satisfied by the constants
¢y

gp:‘vcvz(), v=1,...,p

The completion of proof is evident,
A similar theorem is valid also for the model system (1, 5) with the substitution
of the equality [9]
BCq, =0, B =|by]

Corollaries. 1°, If vector (,, with positive components ¢; > 0 which
satisfies equality (2, 8) exists, the equilibrium position of the model Hamiltonian sys-
tem (2, 4) is stable with respect to variables rq, . . ., Tqos,Tga1s « « -, Iy [10].

2°, If the model Hamiltonian system (2.4) has two weak resonances (see [5])
of the third order, the equilibrium position of that system is stable,

3°, If the model Hamiltonian systern ( 2, 4) has three weak resonances of the third
order, the equilibrium position of that system is stable,

Example. Letus consider the problem of oscillations of a satellite about the



252 V. E. Zhavnerchik

relative equilibrium position on a circular orbit, It was shown in [11] that in suit-
able canonical variables the Hamiltonian of the linearized system of the considered
problem reduces to the form
Hy = — 3 (B% 4 002 + Ya (B2 + 02M5) + s (Es? + 0423
and that the double resonance
(1)3‘-'20)120, (03"0)2—;—(01::0
may be realized here,

The corresponding model system expressed in canonical polar coordinates is of
the form

ri" = a4,V rlrs sin 0% By AsV"ﬂ‘z"s sin 6%, j=1,2,3 (2.9
o, = —4, ay =0, az= —2, Bl=ﬁ2=2)ﬁs:'_‘2
0% = 20, + @3,  0* = @3 — @3 — @,

(the equations for 0 * are omitted here).
By Theorem 2. 1 system (2. 9) has an increasing solution of the form
rp = kjb ), kj >0 j=123
O =(—1)"(n/2) sign 4,, v=1,2
if
ks =‘2‘§ﬁ%§;’k11 ky = 'zﬁgll—_.{‘__i,z‘;kn 81> 46

[4,]= B'Lle:; [Ag|= gz/V;C-lEk—s
Setting | Ay / A; | = 4, after some transformations we obtain the condition 0 <
A <L VF, Hence, when this inequality is satisfied, the equilibrium position of tie
model system (2, 9) is unstable,

The author thanks V., V. Rumiantsev and the participants (in particular A. L,
Kunitsyn) of the seminar chaired by him for discussing this subject.
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